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ABSTRACT 

Unaccounted scatter of fatigue endurances, discontinui- 
ties (knees) in S (Stress) - N (Life) curves, metallographic 
evidence for the action of more than one fatigue mechanism and 
semi-statistical endurance data which indicates the coexistence 
of more than one endurance distribution at a given stress level 
strongly imply that S-N curves cannot, as conventionally done, 
be represented realistically by a monolithic single analytical 
relation of exponential form.  In particular, Swanson's semi- 
statistical endurance data, his Interpretation of the knees as 
a cross-over region from one predominant endurance distribution 
to another and its implications on the S-N curve  shape, on fatigue 
life scatter and on the responsible fatigue mechanisms warranted 
further investigation. 

Altogether 66k  OFHC copper specimens were fatigued under 
axial-load of 10, 12.11   13, I1*, 16.5 and 19 ksi constant amplitude 
and zero mean stress.  Log-normal, extreme value, combinations of 
two truncated log-normal and truncated log-normal and extreme 
value distribution functions were fitted to the experimental en- 
durance distributions.  Furthermore, a mathematical dissection 
method was applied. 

The main results of this study are: 

1. The two endurance distributions observed with 
alloya could not be verified for polycrystalline 
(OFHC) copper 

2. At stress levels around the lower knee the 
existence of two modes (bimodallty) was apparent 

3. At stress levels well above the knee, endurance 
distributions seem to become single log-normal, 
beljw the knee extremal 

U.  The bimodallty seems to be caused by a 
transition of predominance from one to another 
fatigue mechanism (Wood's F to H range transition). 

In conclusion, it may be said that the most important 
factor respunsible for either the single, bimodal or two en- 
durance distribution phenomenon seems to be the microstructural 
response of the tested material to the acting stress level. 
However, also our teats do not permit us to draw definite 
conclusions. 
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■OTATIOM 

b Wtibull thap« paraattar 

I Young's Modulus 

f(x)       frequency distribution function or probability donsity 
function (p.d.f.) 

P(x)      cumulative probability function or cumulative distri- 
bution function (c.d.f.) 

ksi       thousands of pounds per square inch 

LTF       Long Term Fatigue - designating the high-endurance com- 
ponent in a bimodal distribution 

log,Q,log  common logarithm 

In        natural logarithm 

n total number of specimens in the sample of a population 

ntr       number of observations, the endurance values of which 
are known In a truncated sample 

N endurance of a specimen In cycles 

N. The ith ordered endurance when -u/he endurance values of 
a sample are arranged In ascending sequence 

N the minimum life parameter, N0 Is defined by F(N <No)"0 

psl pounds per square Inch 

P^ plotting position 

r correlation coefficient 

8TF       Short Term Fatigue - designating the low-endurance 
component in a bimodal distribution 

s Estimate of o2 obtained from a sample, sample variance 

s sample standard deviation, estimate of a 

8 nominal stress amplitude in ksi 

V characteristic life parameter in Veibull distribution 
defined by P(V) ■ 1/e. 

X Log^d) 

X Mean of Xj, given by I - 1/n  V   Xl 
l-l 
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X tht itb ordtrtd valu« of X 

a toal« p*rma«t«r of Wolbull dlitribution bolng «qual 
to (V-I0) 

ß ibap« paraaotor of Woibull distribution (laat af b) 

x location paraaattr of Log Woibull distribution 

2 
a variance of a population 

a population standard deviation 

u population aoan 

A* itb cuaulant or seai-invariant 
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I.  INTRODUCTION 

Humps or dlscontlnultie« in fatigue S-N curves vor« 
ob«erv«icl daring the ladt deved« for man/ m«t«l« under various 
testing condltlcns.  Finney (Bef. I), in 1967! (thoroughly re- 
viewed all publications on this phenomenon, outlined the factors 
vbiah influence itr and critically discussed the theories ad- 
vanced as an explanation of this phenomenon.  However, his paper 
leaves no doubt that wc are still far fron being able to properly 
explain thlu phenomenon and that, in Finney*s words "the pheno- 
menon highlights the need for research into the basic mechanisms 
of fatigue faiJcre ...".  In particular the significance of 
statistical fatigue testing on the hump or discontinuity pheno- 
menon io not yet sufficiently investigated as to the light, this 
kind of testing can throw an the acting fatigue mechanisms, which 
are responsible for causing this phenomenon.  The purpose of the 
work reported la thio paper explores this aspect. 

Sven though much data on the conventional stress (8) - 
endurance (N) relation can be found for design purposes, not 
enough attention has been paid to the statistical nature of 
fatigue and its vepercusslons on the S-N relation.  Taking proper 
account of the statistical nature of fatigue actually necessitates 
interpreting the S-N rejation In terms of probability, the proba- 
bility (P) that a ijtructure subjected to a certain stress will 
fail at', or before e, spacii'ied number of cycles (N) is reached. 
Sinoe for practical Mid economical reasons, zero probability of 
faiiui-e dysigns are out o.? question, the "true" risk for any value 
of P ? 0 depends, besides on P itself, also on the accuracy to 
which the endurance distribution at the design stress level is 
knovn. 

üJeiai-at&tistical i'atigue test results suggest that the 
familiar way of expreasing ettner the entire S-N curve, or large 
portions of It by a dingle power function is suspect.  Purther- 
more, thoy suggoot that the "true" 3-N relation is the product of 
the action and -interaction of several fatigue mechanisms, one pre- 
dominating beluw the lower knee of the S-N curve, one above It and 
a third acting in th« region of very high stresses and alternating 
pxaeticity.  Rscert toats vi:h semi-statistical specimen numbers 
by Swauevn (It*" 2)   using alaminum and Cicci (Ref. 3) using «teel 
support thid owidtaoo and Svanaun conexuded that the action of th« 
InäivlduaJ f»%lg«fl Bechsnioms, where thoy compound, a« for Instance 
in th« traMltlM rngfon around the lower knee of the S-N curve, 
leads to the obse-vod xarg« scatier In th« fatigue endurances du« 
to 'he blf-nd^ng of two endurance distributions, each being th« 
retult ?f ore or the etkor of two coexisting failure mechanisms. 
One monhauÄäa iff believed to cause failure predominantly above, 
the other pi edomlnantly "below the knee, the knee being the transl- 
tioti region in which the higher probability for failure occurrence 
groduolXy switches from one to the other fatigue failure mechanism. 

Anothe-- observation made at stress levels around the 
lower knee of tho S-N curve concerned the endurance distributions. 
At high stress levels, they seem to be best represented by log- 
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normal (Oftusiian) distribution functions.  At lev stress Itvsls, 
extreme value (Welbull) distribution functions seem to fit better. 
All these functions fit generally best near the mode of the en- 
durance distributions.  At the lover knee, however, neither 
function fits too veil because of the strongly enhanced endurance 
scatter, the result of the blending and transition of the tvo 
observed endurance distributions. 

The action of more than one and the transition from one 
to another fatigue failure mechanism Is also veil demonstrated 
metallugraphlcally.  Wood (Rel's. U and 5) detected microstructural 
differences as a function of strain amplitude, vhlch led him to 
divide the conventional S-N curve Into three amplitude ranges 
known as H, F, and S.  Froat (Ref. 6} observed a transition from 
slip band mlcrocracking at stress levels belov the knee to grain 
boundary mlcrocracking at stress levels above It. 

All the above described phenomena focus attention to 
the lover knee region of the S-N curve  about vhlch Dolan (Ref. 7) 
once said that It Is one of the main problem areas in fatigue, 
requiring special attention and further examination. 

II.  STATE OF THE ART 

The above said demonstra'cea that there is, as yet, no 
fundamental physical model of fatigue, which adequately presents 
the change in endurance behaviour with stress level and accounts 
for the statistical discoveries, regarding the nature of over- 
lapping and transition between various fatigue mechanisms.  This 
lack of a model Is often hampering and critical,especially In 
attempts zo  establish fatigue damage accumulation laws. 

Of the various theories for fatigue damage accumulation 
laws proposed by, e.g., Freudenthal, Welbull, Cortan-Dolan, most 
are being based on a monolithic stress-endurance relation through- 
out the stress range.  This monolithic relation, usually represented 
by a single analytical function, results from the visual smoothing 
of scant endurance data and is typically of exponential form. 
While the exact form uf the basic but "true" S-N relation is of 
vital importance for the theoretical development of adequate 
fatigue damage laws, it is a curious fact that very few high 
quality (statistical) experimental investigations of this relation 
exist, despite the plethora of S-N data generated in the literature. 
However, already the few semi-statistical investigations which had 
been carried out (see e.^., Refs. 2, 3, 8 and 9) prior to proper 
statistical testing at the Institute for Aerospace Studies, 
University of Toronto (UTIAS), strongly suggested that for poly- 
crystalline materials and alloys: 

(a) The fatigue stress-endurance relations Is the result of a 
statistical phenomenon and must be treated as such. 

(b) The use of a single analytical expression to describe this 
relation throughout the macroelastic stress range is un- 
doubtedly an oversimplification of what is actually happening. 



I.  lyTRODUCTION 

Humps or discontinuitie« in fatlgu« S-N curves vere 
observQd during '*he last decedt far man/ metals under various 
testing conditicns.  Finaey (Ref. 1), in 1967» (thoroughly re- 
viewed ell publications OR tbls phenomenon, outlined the factors 
vhiflh anflaent.e it, and critically discussed the theories ad- 
vanced as an explanation of this phenomenon.  However, his paper 
leaves no doubt that vc are »till far from being able to properly 
explain thiu phenomenon and that, ii: Flnney's words "the pheno- 
menon highlights the need for research into the basic mechanisms 
of fatigue failure ...".  In particular the significance of 
statiäU.'.'al fatigue testing on the hump or discontinuity pheno- 
menon io not yet sufficiently investigated as to the light, this 
kind of testing can throw on the acting fatigue mechanisms, which 
are responoible for causing this phenomenon.  The purpose of the 
work reported la thio papar explores this aspect. 

Sven though much data on the conventional stress (S) - 
endurance (N) relation can be found for design purposes, not 
enough attention had beea paid to the statistical nature of 
fatigue and its vepercussious on the S-N relation.  Taking proper 
account of the «tatintical nature of fatigue actually necessitates 
interpreting zhc  S-N rtlfttios In terms of probability, the proba- 
bility {f)   that ü structure subjected to a certain stress will 
fail mt  or   before, a spacix'ied number of cycles (N) is reached. 
Binee for praetieaJ ai;d economical reasons, zero probability of 
failure dyaigna are out of queation, the "true" risk for any value 
of P - 0 depends, besides on P itself, also on the accuracy to 
which the er-'durancj distribution at the design stress level is 
knovn. 

Semi-itatlstlcal fatigue test results suggest that the 
farallisir way of express In g eltner the entire S-N curve, or large 
portionB of it by a single power function la suspect.  Further- 
more, they suggpat that the "true" S-N relation is the product of 
the action and interaction of aeveral fatigue mechanisms, one pre- 
dominating belcw the lower knee of the S-N curve, one above it and 
a third acting in ths region of very high stresses and alternating 
piaetlcity.  Rscsrt teats wi-ch semi-statistical specimen numbers 
by SwanE'jn (Ref. 2) using aluminum and Cicci (Ref. 3) using steel 
support thia evidence and Swanson concluded that the action of the 
Individual f»tlfut mechaniuma, where they compound, as for instance 
In the tvansltion region around the lower knee of the S-N curve, 
leads to the obsp.rvöd large scatter in the fatigue endurance« due 
to the blinding of two endurance distributions, each being the 
retult of ore or the other of two coexisting failure mechanisms. 
One mechauism iv. believed to cause failure predominantly above, 
thif other predominantly below the knee, the knee being the transi- 
tion region in which the higner probability for failure occurrence 
grf-dually gvitches from one to the other fatigue failure mechanism. 

Anothei' observation made at stress levels around the 
lower knee of the S-N curve concerned the endurance distributions. 
At high atress levels, they seem to be best represented by log- 



normal (G«ustl«n) distribution function«.  At low itrtis lovoli, 
«xtreme v«lu« (Wtibull) distribution function« ««tm to fit b«tt«r. 
All thoi« functions fit generally bsst near tht mod« of th« «n- 
duranc« distributions.  At th« lower knee» hov«v«rt n«ith«r 
function fits too well beeau«« of th« «trongly «nhanc«d «ndurano« 
scatter, th« result of the blending and transition of th« two 
observed endurance distributions. 

The action of more than one and the transition from on« 
to another fatigue failure mechanism 1« also voll demonstrated 
metallugrapblcaliy.  Wood (Refs. U  and 5) detected microstruotural 
differences a« a function of strain amplitude, vhioh led him to 
divide the conventional SS  curve into three amplitude rang«« 
known as H, F, and S.  Frost (Ref. 6} observed a transition from 
slip band microcracking at stress levels belov the knee to grain 
boundary microcracking at stress levels above it. 

All the above described phenomena focus attention to 
the lover knee region of the S-N curve  about which Dolan (Ref. 7) 
once said that It is one of the main problem areas in fatigue, 
requiring special attention and further examination. 

II.  STATE OF THE ART 

The above said demonstraxes that there is, as yet, no 
fundamental physical model of fatigue, which adequately presents 
the change in endurance behaviour with stress level and accounts 
for the statistical diocdverles, regarding the nature of over- 
lapping and transition between various fatigue mechanisms.  This 
lack of a model is often hampering and critical^especially in 
attempts xo ftstablish fatigue damage accumulation lavs. 

Of the various theories for fatigue damage accumulation 
lavs proposed by, e.g., Freudtnthal, Weibull, Cortan-Dolan, most 
are being baned on a monolithic stress-endurance relation through- 
out the stress range.  This monollthlu relation, usually represented 
by a single analytical function, results from the visual smoothing 
of scant endurance data and is typically of exponential form. 
While the exact form uf the basic but "true" S-N relation is of 
vital Importance for the theoretical development of adequate 
fatigue damage lavs, it is a curious fact that very few high 
quality (statisxlcal) experimental investigations of this relation 
exist, despite the plethora of S-N data generated in the literature. 
However, already the few semi-statistical investigations vhich had 
been carried out (see e.g.. Kefs. 2, 3, 8 and 9) prior to proper 
statistical testing at the Institute for Aerospace Studies, 
University of Toronto (UTIAS), strongly suggested that for poly- 
cryatalline materials and alloys: 

(a)  The fatigue stress-endurance relations is the result of a 
statistical phenomenon and must be treated as such. 

(t)  The usa of a single analytical expression to describe this 
relation throughout the macroelastic stress range is un- 
doubtedly an oversimplification of what is actually happening. 



(e) The strtsi-tnduranct relation is not due to a single 
fatigue mechanism. When enough lives are obtained 
at a given stress level In the region of the lover 
'knee* of the S-N curve, almost Invariably these en- 
durances can be grouped quite naturally Into at least 
two separate distributions.  This can be seen In test 
results going back to 1928 (see Ref. 9). 

(d) In many cases an orderly rise of the first and decay 
of the second distribution developed as the stress 
amplitude vas raised.  As a result, the 'knee' of the 
S-N curve Is really a 'cross-over' region representing 
a transition from one predominant distribution to the 
other.  The final shape of the S-N curve In this knee 
region Is merely the outcome of the superposition of 
tvo separate fatigue processes. 

(e) These statistical observations are not without support 
from more fundamental fatigue studies. Freudenthal, 
Lazan and Wood (Refs. 10, 11 and Ut respectively) have 
made physical and metallurgical observations which led 
them to surmise that the shape of the S-N curve results 
from two distinctly different mechanisms In the region 
of the lower knee of the S-N curve. 

(f) There Is a third mechanism, or group of mechanisms, 
operative at stresses above the macroelastlc (static) 
stress range and responsible for a distinctly different 
stress-endurance behaviour.  D'Amato (Ref. 12) and 
Coffin (in many papers) have demonstrated that this 
stress-endurance relation is distinctly different from 
the lower knee one, and usually exhibits a strain-endurance 
straight line relation with a slope of -1/2 on a log- 
log plot.  It is apparent from Ref. 13 that the transi- 
tion region (often designated as the "upper" knee) between 
these stress levels and lower stresses exhibits overlappitg 
characteristics rather similar to those found at the lowe?.* 
'knee' of the S-N curve.  Porter and Levy have grouped the 
endurance data in the same manner as has been done at 'TT'iAS. 
However, metallurgical studies of the test material used in 
both cases have not been productive of a firm correlation 
with the statistical behaviour. 

(g) Finally, it might be added that the same type of phenomenon 
has also been observed in the development of creep-rupture 
data with stress level (Ref. Ik).     The author of this re- 
ference pointed out that test results obtained at V.D.E.H., 
Düsseldorf, Germany, showed a very similar trend. 
The usually assumed 'point of inflexion' of the creep- 
rupture curve (stress versus log time) is actually a region 
wherein two rupture lines cross over.  This is contrasted 
with the usual assumption that the creep process is singular 
and follows a parametric relation (such as the Larson- 
Miller relation) to yield a single rupture line or curve. 
Earlier tests described in Ref. 15, show that a Z-shaped 



creep rupture   evtrrm (vlth a dltcontlnulty)   is  formed 
when only a few test results «re obtained.     This Is 
completely analogous  to the behaviour of fatigue 
results as  discussed in Ref.  9* 

(b)     In  spite of the evidential support vhieh statistical 
observations  received  from metallurgical evidence, 
attempts to correlate both have not been productive yet. 

III.     OH  THI DUALITY OF FATIQUK FAILÜR« MICHAIISMS 

Freudenthal and Oumbel  (Ref.  16) have asserted that an 
acceptable fatigue theory should account for localised  'high* 
temperatures developed in the  course of the reversed slip process. 
They point out that many fundamental observations  regarding fatigue 
at the microscopic  level  such as softening,  reversion,  depletion, 
discolouration, point to temperature peaks in the metal at the 
nuclei     of microcracks.     Other factors such as hysteresis, 
fretting,  and the observed analogous behaviour of creep-rupture 
data point also to thermally-activated processss. 

While Broom (page  755, Ref.  17) has  raised objections to 
the  actual magnitude of these  temperatures,  it does  appear that 
thermal effects  could  sxlst  (page 90b, Ref.  17)•     Certainly there 
are many examples of improved fatigue resistancs  at lov temperatures 
(Ref.   18),  and perhaps the important factor may be the existence 
of siseable temperature gradients  (Coatss, page 860, Ref.  17) 
rather than the actual magnitude of the temperature, or the com- 
bination of both, that is  important. 

When one looks  for further analogues vlth rsgard to a 
thermally activated fatigue process, the kinetic behaviour of 
incoherent particles,  such as molecules in a gas  eomes to mind. 
It is  knovn that this behaviour in a gas leads to a Haxvell- 
Boltzmann distribution of velocity components.    The density 
function  of this  distribution has the form 

f(x) - A x2  e"*2 

In the development of his 'heat flash' theory, 
Freudenthal took a different approach and postulated the 'weak 
link* principle for fatigue.  This leads to the Weibull distribu- 
tion, which has the general form (for its density function) of 

f(x) - A x1*"1 e"X 

It can be sssn that thess two distributions are funda- 
mentally quite different.  Yet the determination of goodness of 
fit, to establish one distribution over the other, should be 
possible from proper statistical test data such as reported on 
below. 

It is felt that while the weak link principle may apply 
to crack* propagation, the incoherent nature of crack nucleus de- 
velopment in crack initiation may be better represented by the 



Mftxvtll-BoltsBann relation.  That such a distribution thould 
r«Y«al ittalf in actual failure* (which aust involve soae 
period of crack propagation) is possible, since with axial 
constant load testing, such a propagation can be catastrophic 
and can occur, as actually observed in our ovn test series, in 
very fev cycles. For this reason it nay be possible to establish 
a fatigue aodel of soae considerable soundness,  for the crack 
initiation process at least, froa high-quality statistical studies 
alone. 

The duality of the fatigue aechanisa as exhibited by 
Constant Aaplitude test results belov the 'plasticity' range can 
be appreciated froa the aetallurgical observations of two fatigue 
processes as discussed by Freudenthal (Ref. 10), Wood (Ref. U) and 
Lasan (Ref. 11).  Using the teras 8TF and LTF again, the following 
observations are pertinent: 

1. The tera 8TF appears to apply to observations of "high level 
fatigue" (Freudenthal), "H type" Nechanisa (Wood) and "fatigue 
above the sensitivity liait" (Lasan), while the LTF aechanisa 
applies to "low stress fatigue", "F-type" and fatigue below 
the "sensitivity liait" respectively. The position of Lasan's 
sensitivity liait for 202U-T1» aaterial is 69* of the endurance 
Halt stress. This probably represents the highest level at 
which the LTF aechanisa predoainates. Above this level, the 
effect of the 8TF aechanisa is probably able to aask the effect 
of the saall populations of LTF since no atteapt to distinguish 
between these distributions was aade in the assessaent of the 
endurance liait stress level. 

2. The 8TF Nechanisa 

(a) is "akin to that observable in unidirectional static 
deforaation", and aay be related to a critical aaount 
of strain hardening (Freudenthal). 

(b) causes failure by increasing internal stresses in a 
coarse-slip aanner siailar to that obtained froa 
static deforaation, and strain hardening is pro- 
gressive to failure (Wood). 

(c) possesses daaping which is apparently a function of the 
prior stress history as well as the stress level (i.e. 
varies with the nuaber of applied cycles) (Lasan). 

(d) results in the release of latent energy (in the 
aicrostructure) predoainantly at the recovery 
teaperature as well as the recrystallisation 
teaperature (Freudenthal). 

(e) causes cracks which are usually of irregular shape 
and include grain boundaries, due to their inter- 
action with aicro-residual stress field at the work- 
hardened structure (Freudenthal). 



(f)    primarily causes  grain boundary mierooraeking  (Frost). 

3.     Ths  LTF Mechanism 

(a) produces considerably less strain hardening and no 
significant distortion, but a multitude of fine 
slip bands congregated in striations. As a result 
of reduced strain hardening, the total sum of per- 
manent deformations to failure can attain any 
value, being clearly unrelated to the fatigue 
phenomenon   (Freudenthal}. 

(b) causes  failure by producing abnormal distortion 
along operative or localized fine  slip  zones,  and 
subsequently  creating surface  irregularities  (peaks 
and notches)  which lead to eventual  failure in the 
weakened areas.     Strain hardening  is  insignificant 
(Wood). 

(c) possesses  a damping versus Constant Amplitude  stress 
relation that  is  log-log linear,   and the mechanism 
"displays  no  history  effect".     (Lazan). 

(d) causes transition  from griln boundary microcracking 
at  STF to   slip band microcracking  at  LTF. 

(e) results  in  the  release  of latent  energy  in a diffuse 
manner  over  the whole  temperature  range   (Freudenthal). 

(f) causes  cracks  which are  concentrated within the 
striations   (Freudenthal). 

(g) may impose  a distinctive mode  of deformation charac- 
teristic  of its  loading,  i.e.,   stressing at small 
micro-plastic   amplitudes   (Wood). 

Further evidence   of both a metallurgical nature  and 
and  statistical nature may be  found in Reference  9. 

IV.      AIMS  OF  CONDUCTED   RESEARCH 

It was  against  the background of  Sections  II  and  III,  that 
in  196U   at  UTIAS,   a program was  started with  the  following  alms   in 
oiind:     (l)   a careful  determination of the  S-N  relation,   in  the  stress 
range which contains  the  lower knee,  on a proper  statistical basis. 

(2) to disprove  or  confirm on  a proper  statistical basis  that 
the  lives  of fatigued specimens  fall  into two  distinctly different 
endurance distributions   (co-existing or bimodal). 

(3) to investigate  and identify,   if possible, the  characteris- 
tics  of the  fatigue mechanisms  Involved and responsible  for  the  ob- 
served  separation or bimodality of the  endurance  distributions. 

(U)   to try to  correlate  the  statistically observed  failure 

• 



mechanisms with Wood's H and F range fatigue mechanisms.  If auch a 
correlation could be established it could shov that the lover knee 
corresponds to the intersection of the H with the F range line. 

(5) to identify some of the parameters which influence, induce 
or force specimens to fail either under the short term (STF) or long 
term (LTP) fatigue mechanism. 

V.  MATERIAL. FATIQUE MACHINES AND TEST PROCEDURE 

5.1 Material 

Specimens used for these tests were of certified OFHC 
copper-ASTM Specification B-170-U7 of better than 99.96$ purity. 
These specimens (see Fig.l) were rough machined, annealed, hanging 
(2 hrs. at 1050oF in vacuum) in batches of 200 each and fine machined 
(5 lathe cuts of 0.0025 in. depth and 0.002 in. feed per revolution). 
Specimens showing eccentricity of more than 0.001 in. were excluded 
from testing.  In spite of the utmost possible care to avoid surface 
work-hardening during the final machining, a layer to close to 0.01 in. 
was detected which couxd not be removed entirely by subsequent mech- 
anical and electro-polishing.  For further details on material speci- 
fication and properties, annealing and specimen preparation, see 
Refs. 19 and 20.  The average grain size of all heat treatment bat- 
ches was that of ASTM No.8 (about 0.027 mm grain diameter). 

5.2 Fatigue Machines 

The fatigue testing machines used for this study were of 
the resonance type, tension-compression (Fig.2).  The bulk of the 
testing ilBk  specimens) was done with machine No.l (25 lb electro- 
magnetic shaker, see Ref.19), the remaining 100 specimens - because 
of the high load requirement - with machine No.2 (50 lb shaker, see 
Ref.21 for details).  The operating (resonance) frequency was 60-8O 
cps or US cps for machine No.l and 2, respectively.  The gripping 
heads used "rubber-flex" collets in conical bores, holding the speci- 
mens very firmly and without slippage. 

The load monitoring system consisted of strain-gauged 
dynamometer springs, a pre-ampllfier and an electronic voltmeter 
for load amplitude indication.  The dynamometer signal actuated a 
photoelectric device with two cutout points, one to warn (buzzer) 
against low load, the other one to shut off the machine Just before 
the specimen falls.  The load was applied via an audio oscillator, 
the sine wave output of which was amplified and fed to the electro- 
magnetic shaker.  For further details about cycle counting, fatigue 
machine alignment and calibration, test accuracy and repeatability, 
see Ref.19*  The maximum error in the applied dynamic load was esti- 
mated to be about 1.3%'     This accurac y is qualitatively confirmed 
by the endurance data obtained for the 12.7 and 13 ksl stress levels. 
The merely 2.k%  Increase in stress amplitude showed (see Fig. 8 of 
Ref.19) an absolutely unequivocal separation of the endurance data. 



5.3 Test Procedure 

The greatest care was taken to ensure that tested speci
mens were as identical as they could be produced under very strin
gent requirements. Equal care was employed to keep experimental 
errors to an ab solute minimum. 

All specimens fatigued at one particular stress leve l 
we r e taken from one and the same heat treatment batch. After grip
ping the specimens and starting the tests, the applied load had to 
be reduced continuously during the first 3 minutes to compensat e 
for the extensive strain-hardening in the specimens. Simu ltaneously, 
the resonance frequency needed slight adjustment. Later on in high 
or low load tests, load re-adjustments were needed at 15 to 2 0 minu
tes or 2-3 hour intervals, respectively. The amount of heat pro
duced in the specimens due to energy dissipation at the higher l oad 
levels was very noticeable. For further details, see Refs. 19 an d 
21. 

Table I below indicates the numbe r of specimens fatigu e d 
at each stress level, the machine used, and from which heat treat -
ment batch the specimens were taken. 

STRESS LEVEL NO. OF MACHINE FROM HEAT TREAT- FOR DETAILS 
ksi SPECIMENS NO. MENT BATCH (SEE REF.) 

+ 10 3 1 F 21 -
+ 12.7 148 1 D 19 -
+ 13 148 1 B 19 -
+ 14 13 3 1 A 1 9 -
+ - 1 6 .5 200 1 c 19 

+ 16.5 150 1 F 21 -
+ 19 84 2 E 21 -
+ - 19 16 2 G 21 

All tests were done a t room temperature and uncontrolled 
room humidity. Both were c ontinuously recorded. While no co r re
lati on was apparent between temperature and endurances, Fig. 3. 
shows that there is a slight correlation ~etween humidity and en
durances. Lower fatigue lives seem to be more frequent at higher 
values of relative h 11midity. 

5.4 Properties of Unfatigued Specimens 

From each annealing batch, 5 specimens were hardness 
tested, X~rayed, and subjected to a tension test. The results ar e 
given in Tables I of Refs . 19 and 21, including t h e arithmetic 
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■•ant.  For th« «or« important properties, the standard deviations 
and the 95%  confidence limits are also listed. A nicrostructural 
analysis of the control specimens shoved a partially recrystallizsd 
structure, being about 50l polygonised. 

VI.  M1TH0D8 OF STATISTICAL AMALY8I8 

The evidence of tvo veil separated endurance distributions 
(see e.g., Refs. 2 and 3) for alloyed metals at stress levels 
around the lover knee of the 8-1 curve and the assumption of more 
than one operating failure mechanism (see e.g. Refs. U, 10 and 11) 
leads to the concept of a heterogeneous endurance population, i.e., 
an endurance distribution having more than one mode. 

6.1 Histograms 

All test endurances vere plotted in histogram form, using 
a class length of 0.01 log I.  For the 13 and Ik  ksi stress levels 
the histograms to the left of the distribution peak indicated a 
valley, vhich vas less veil defined at both the lover and higher 
stress levels.  This is demonstrated in Figs. U, 5 and 6.  In 
general, histograms for overlapping distributions - dependent on 
the number of specimens plotted - vere found rather ambiguous to 
drav conclusions as to the type of distribution (single or bimodal). 

6.2 Statistical Data-Tabulation 

All fatigue endurances observed at the  stress  levels 
listed in Table  I  of Sec.   5.3 are  tabulated in cither Refs.   19  or 
21. 

6.3 Distribution Functions Applied to Test Data 

Table  II belov shovs  the  distribution  functions   or methods 
of analysis vhich vere applied to the  test data of Haagensen  and 
Ravindran. 

TABLE  II 

8TRI8S 10.   OF ANALYSIS FOR DETAILS 
LEVEL 8PECIMEHS (see key belov) (see Ref.) 

♦  10 3 Rone 21 

♦  12.7 1U8 A,  B-1.B-2.C-1 19 

t 1* 1U6 A,  B.1,B-2,C-1, C-2 19 

1 & 133 A,B-1,B-2,C-1,C -2 19 

♦ 16.5 200 A,B-1,B-2,C-1 19 

♦ 16.5 150 A,B-2,C-1,D 21 

♦ 19 100 A,B-2,C-1,D 21 

♦ 16.8\ 973 A,B-2,C-1 21 

Rotating f 
Bendinc    J 

(notched AL) Test Data:Bloomer 
h Roylance   (Ref.22) 
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KEY TO ANALYSES OF TABLE II 

DESIQNATIOK DISTRIBUTION FUNCTIOH OR METHOD OF AHALYBIS' 

A ■ 
B ■ 
B-l - 
B-2 ■ 
C 0 

C-l ■ 
C-2 ■ 
D ■ 

Single log-normal distribution 
Single Weibull (extreme value) distribution 
Claatical moment method 
Method of upper vertical moment! 
Truncated log-normal distribution 
High-endurance part excluded 
Lov-endurance part excluded 
Mathematical dissection method (see Appendix 

B of Ref.21) 

VII.  RESULTS OF STATISTICAL ANALYSES 

7.1  Single Log-Normal Distributions 

The pertinent parameters, x, s and r (see NOTATIONS) were 
calculated.  They are listed in Table III below: 

TABLE III 

PARAMETERS OF SINGLE LOO-NORMAL DISTRIBUTION 
12.7 kei   13.0 ksi  1U.0 ksi   16.5 ksi 
lU8 specim.lUS apeci. 133 soeci. 200 snecim. 

Mean of log (N), X     6.17725   6.109^9  5.66U79   5.3203U 
Standard deviation, 8  0.09933U  0.095913  0.099089  0.1020987 
Correlation coeff., r   0.990UU  0.99330  0.98726   0.99668 

16.5 ksi   ""  16.5 ksi 19.0 ksi 
150 Bpecim. 350 specim. 100 specim. 

Mean of log (N). X     5.32089   "'~"  5.32058 U.85163 
Standard deviation, s   O.070U1U7      0.0903587 0.0510833 
Correlation coeff., r  0.99712        0.99918 0.97805 

Typical endurance data for some of the above stress levels 
are plotted as single distributions on log-normal probability paper 
in Figs. 7 and 8.  The solid lines in the plots are the linear re- 
gression lines (from method of least squares). 

The standard deviations (see Tab le III) and the slopes 
of the regression lines show that the variance of the endurances 
at the 12.7 ksi stress level is in general higher than that at the 
higher stress levels.  This decrease in scatter, with increasing 
stress is what one conventionally expects (for alloys).  For the 
16.5 ksi and 19 ksi stress level (see Figs. 7 and 8), the enduran- 
ces very closely fit the single distribution regression line, 
suggesting that the sample is drawn from a single normal population. 
For the lower stress levels ilk   and 13 ksi), endurances do not fit 
the regression line as veil.  Actually, the endurances could be 
better represented by two straight lines, one for failure 
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probabilities btlov, tht other on« »bov« the 30 to k0%  point (■•« 
dnihod linos In Pig.7). Tht dashed lines were fitted visually. 
Their difference in slope suggests that the endurance distribution 
may have two components, the component of lev failure probability 
having a smaller variance than the one of high probability. The 
heterogeneous nature of specifically the 13 and Ik  ksi endurance 
distributions is also illustrated in their histograms (see e.g., 
Fig.6). 

For the 12.7 ksi stress level (Fig.7), the endurances fit 
neither the regression line near the two straight line concept well, 
However, the endurances seem to follow a smooth curve fairly veil. 
This could be taken to mean that a three-parameter distribution 
function could provide a better.fit, as Fig.9 actually confirms. 
Obviously the Welbull (upper vertical moment) distribution function 
provides the best fit.  Note that the distribution functions of 
Fig. 9 were calculated for the distribution of N (not log H, the 
abscissa of Fig.9) cycles.  The correlation coefficients given else- 
where for these distribution functions do therefore not apply to 
Fig.9. 

7.2 Single Welbull (Extreme Value) Distributions 

7.2.1 Classical Moment Method 

Using the procedure outlined In Appendix 3 of Ref. 19, the 
skewness parameter was calculated with the aid of an IBM 7090/709U-11 
computer.  For further details see Ref. 19.  All the calculated 
Welbull parameters and correlation coefficients are shown below In 
Table IV. 

TABLE IV 

PARAMETERS OF SIKGLE WEIBULL DISTRIBUTION 

(Classical Moment Method) 

1U8{12.7)1U8(13) 133(HO  200(16.?} 
speclm.  sneclm.  speclm.   sneclm. 

Shape  parameter,  b 
Minimum  life,   N 
(mill,   cycles) 

Characteristic   life,  V 
(mill .  cycles) 

Correlation   coefficient, 

2.53 
0.62529 

1.61*879 

0.9955U 

1.76 
0.80U6 

1.38228 

0.99195 

1.525 
0.3032U 

0.U936U1 

0.96932 

2.28 
0.105766 

0.229111* 

0.99651* 

The scatter of the experimental data about the regression 
lines in the two figures (10 and 11) selected for demonstration 
Indicates that the estimates obtained for the parameters are quite 
good.  In case of a fairly Incorrect estimate of N , the tall ends 
of distributions would show a stronger tendency to curve away from 
the regression line.  Note that the correlation coefficients are 
- except for the 12.7 hsl stress level - a little smaller than 
those for the log-normal representation (Table III). 
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7.2.2    üPPT VTtiol MoBfnt Method 

Following the  procedure  presented in Appendix C of Ref. 
19i  the  parameter! b, N   ,   and V  are calculated and tabulated in 
Table V belov. 

TABLE  V 

PARAMETERS OF 8IHQLE WEIBULL DISTRIBUTION 

(Upper Vertical Moment Method) 

12.7 kel 13.0 kii lk.0  ekl 16.5 ksl 
1U8 speclUe 8pec.l33 epec.200 spec. 

Shape parameter, b 
Minimum life, N 
(mill, eyelet) 

Characteristic life, V 
(mill, cycles) 

Correlation Coeffla» r 

Shape parameter, b 
Minimum life, N0 
(mill.cycles) 

Characteristic life, V 
(mill.cycles) 

Correlation coefflc.,r 

3.133 1.819 1.1+38   2.138 
0.5901? 0.79281t 0.31089  0.11089 

1.65181+ 1.38605 0.1+9197  0.22850 

0.9961+9 0.99371 0.99501+  0.99828 

16.5 ksl 16.5 ksl  19.0 ksl  

150 spec. 350 spec. 100 spec. 

2.251+39 2.19052  1.811+87 
0.138887 0.1211+81  0.05681+77 

0.221759 0.225820  0.0735201+ 

0.98281 0.98383  0.88723 

In magnitude these parameters differ somewhat from those 
obtained by the classical moment method (Table IV).  However, the 
differences are small in comparison with the large effects which 
small numerical variations in the upper vertical moment (Xr) have 
on these parameters.  Figure 12 shows the variations in shape of 
the frequency distribution functions for both methods, but only 
for the more significant stress levels.  Note that the correlation 
coefficients obtained by the upper vertical moment method are in 
all cases, except for the 16.5 and 19 ksl stress level higher than 
those for the log-normal distribution and for the classical moment 
method.  This fact is further demonstrated by Figs. 13 and ll+, 
when compared with Figs. 10 and 11.  On the other hand, a compari- 
son of Figs. 8 and 15 demonstrates that the upper vertical moment 
method or, in fact, any three-parameter distribution function, 
does not duly represent the endurance data at high stress levelt». 

7.3 Truncated Lo£-Normal Distributions 

If the endurance data at one stress level suggest a 
combination of two distribution functions (as e.g. in Fig. 7, 
dashed lines), two problems arise: 
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1. the problem of ■•parating the two distribution functions, 
which in our case here obviously overlap» 

2. to find out by what type of distribution function, either 
one of the two distributions can be represented best. 

7.3.1 Methods of Separating 

There are only a fev possibilities.  The sinplestiSoto use 
the valley in ths histograms (see Fig.it) or the Jog (dashed lines) 
of the probability curves (in e.g.. Fig.7) for obtaining a rough 
estimate of the point where the two distributions meet.  Obviously, 
the Jog in Fig. 7 is more realistic than the valley.  However, 
for separating two overlapping distributions, more sophisticated 
methods have to be employed.  One is the truncation analysis, which 
will be discussed subsequently, the other one is Weibull's latest 
method for separating components of nixed (Weibull) distributions. 
This will be discussed in a later.paper. 

7.3.2.  Truncation Analysis 

If for an endurance distribution the distribution is known 
only below or above, a certain endursnce (called truncation point), 
the distribution is said to be truncated.  From the known portion 
of a truncated distribution  the t  end S  of the entire distribution 
can be estimated by Hald's method as outlined in Appendix A of Ref.19 

Imagine now that in Fig. U, the truncation point Is moved 
step by step fron the low to th| high endurance tail.  Using the 
IBM 7090/709^-11 computer, the X and S values were calculated for, 
in fact, almost all endurances with the exception only of the 
extreme tail ends of the distributions.  Typical changes in mean 
life (X) and standard deviation (8) with increasing number of speci- 
mens in the truncated sample (nt_) - the truncation point moving 
from left to right in Fig. h  or Fig. 7 - are shown in Fig. 16.  We 
see that for small numbers of specimens (samples), th« calculated 
standard deviation for the whole sample varies rather incoherently. 
Logically,  S should become smaller and smallest when the trun- 
cation point in Fig. k  reaches the peak of the low (left) endurance 
distribution.  In Fig.16, this point is indicated by the dip in 
the S-curve marked by the line which divides the STF (short term 
fatigue) from the LTF (long term fatigue) range.  The subsequent 
rise of the S-curve indicates a larger variation (scatter) of th^ 
endurance data, which in turn suggests that beyond that lowest E 
value, the effect of the high (second) endurance distribution 
becomes visible.  Ultimately, when the truncated sample number 
(ntr) approaches that of the test sample, the standard deviation 
equals that calculated under the assumption that the test sample 
is representing a single log-normal distribution (see Fig. 16). 

Starting truncation at the high endurance end and letting 
the truncation point move towards lower endurances results In Fig. 
17* for e.g., the 13 ksi stress level.  Obviously, the parameters 
vary in such a manner that no trend can be detected from which 
an indication of the extent of the low life end of the high endurance 
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distribution could be obtained. Equivalent plottingi for the 12.7 
and Ik  kii ■tress levels (see Ref.19) provide similar evidence. 
One reason may be that the endurance distributions for the 12.7 to 
Ik  ksl stress levels do fit Weibull distribution functions better 
(compare correlation coefficitnts in Tables III and V) than log- 
normal ones, for which alone the demonstrated truncation analysis 
is applicable. 

To fully demonstrate the scope of the truncation analysis, 
let us look at Fig. 18 plotted for the 19 ksl stress level.  There 
is no evidence to suggest the existence of bimodality.  This also 
holds true in principle for the l6.5 ksl stress level.  If one com- 
pares this evidence with the large scatter at the lover stress levels, 
caused by the blending of two endurance distributions, the following 
model seems to emerge.  It is known that as the stress level approa- 
ches the high stress (H-) region of the S-N curve, the means of 
the component distributions approach each other.  At the same time, 
the high endurance distribution diminishes.  A simple analysis 
(see Appendix A of Ref.21) shows that if the two component distri- 
bution means are finally separated by less than 2.2 times the mean 
standard deviation (o^* 02)12*  only a 8inÄle peak (mode) will show. 
Hence, under such conditions, the truncation analysis can no longer 
detect the existence of bimodality. 

1,k    Parameters of the STF and LTF Component Distributions 

Assuming that the "dip" in the X and S parameter curves 
(e.g.. Fig. 15) defines the end of the range of predominance of 
the STF component distribution, the X at the dip is used to esti- 
mate the total number of specimens in the STF distribution by taking 
twice the number of specimens, which had endurances smaller than X. 
The parameter of the STF component distributions for which the 
total number of specimens could be estimated in the above manner 
are shown in Table VI. 

TABLE VI 

PARAMETERS OF THE LOQ-NORMAL STF COMFOWENT DISTRIBUTIO» 

 12.7 ksl 13.0 ksl 
Mean life, H    "     ~ 5.9726 6.0080 
Stand, deviation, s 0.0li032 0.03925 
No. of specimens from - k2 
truncation 
Histogram Ik 5k 
Correlation,coeffic, r — 0.98^19 

lk.0  ksl 16. ksl 
5.5715 
0.03835 
k 

kk 
0.98088 

5.1 
0.0U750 
38 

0.989*1 

Note that for i ■ 5*57 at Ik  ksl, the number of specimens of smaller 
endurance than log N ■ 5.57 is 22, which if doubled confirms the 
total number of kk   specimens in that STF component distribution. 
However, total numbers (see Table VI) for other stress levels sup- 
port the fact that this method of separation of the STF from the 
LTF endurance distribution is, at its best, approximate.  This fact 
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is  further emphasized when the parameters  for the LTF component 
distribution  are  calculated.     Taking  account of the  fact  that 
Veibull  distribution functions  fitted the high  endurance  data 
better  than log-normal distributions ,  the parameters listed in 
Table  VII  are Weibull parameters. 

TABLE VII 

PARAMETERS OF THE WEIBULL LTF COMPOHEHT DI8TRIBUTI0H 

Shape parameter, b 
Min. life, N0 (mill. 

cycles) 
Characteristic life,7 
(mill.cycles) 

Mean of N ,11 (mill, cycles) 
Mean of log (N), X 
Stand.dev.of log (N) 
Correl.coeff., r 
Estim.Mo. of specimens 
in LTF component distri- 
bution (No.of specimens 
having N >, N0) 
Percent LTF of total 

1.827 
1.08U 

l.kkk 
1.086 

1.608 
O.U17 

1.625 
0.158 

1.6U8 1.U86 0.5U1 0.238 

1.607 
6.199^ 
0.07^29 
0.99837 
136 

1.UU7 
6.15b3 
0.07203 
0.98527 
107 

0.538 
5.72U1 
0.07508 
0.99096 
8U 

0.226 
5.3U62 
0.08U0 
0.99581* 
165 

90.6 71.0 62.1* 82.5 

7.5    Identification of the  STF and LTF Component Distribution 
Functions 

Summarizing the  observations  presented in the  foregoing 
sections ve  can,   using the  correlation  coefficient  as  the  criterion 
for goodness  of  fit(for Justification of this   choice,   see  Sec.  7>6) 
tabulate  the  evi'dence  as  shovn belov in Table VIII. 

TABLE  VIII;     Q0ODNESS OF FIT 

BEST FIT   (x) LOO-NORMAL 
VEIBULL  DISTRIBUTION 

or     (UPP.:VERTICAL 
MOMENT)  

Stress  L evel       No .of Spec « 

12.7 1U8 U8»Fig.7 X lU8»Fig.l3 
13 1U8 lU8  Fig.7 X 1U8 u 133 133  Fig.7 X 133 Fig.lU 
16.5 200 200  Fig.7 X 200 
16.5 150 X 150 150 
16.5 X 350 350 
19.0 100 X 100  Fi£.8 100  Fia.15 
12.7 Kl 1^ LTF X 

13 ik% STF X 5k     Fig.19 LTF X 107« 
Ik 133 STF X kk     Fig.19 LTF X 8U  Fig.20 
16.5 200 STF X kk     Fig.19 LTF X 173 
l6.5 150 NO:.' bimodality 
l6.5 350 No bimo dality 
19 100 No bimodality 

»    Indie ates   numb er  of sp ecimens in   distributi on. 
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Whereat proof that endurance data fit either tingle log- 
noraal or Veibull distribution functions best, vas giren earlier 
in typical plottings such aj Figs. 7. 8, 13* I1» and 1$, the follow- 
ing figures demonstrate the goodness of fit of the 8TP and LTP 
component endurance data.  In Pig. 19* the specimen lines of the 
13» Ik  and 16.5 hsi STP components are plotted on log-normal prob- 
ability paper, taking the total cumulative probability for each 
STF mode equal to unity.  These plots show that the low endurance 
(STF) components are well represented by a log-normal distribution. 
Figure 20 shows the high endurance (LTF) component for the Ik  ksi 
case plotted as tfeibull probabilities (upper vertical moment method) 
for comparison. The parameters for l0 and r are giwen in Table VZI 
and in Fig.20.  The endurances used for the LTF component are all 
those greater than H0.  As to Fig.20, it is obvious that the fit 
is not as good as it is in the single Veibull (upper vertical moment) 
plot of Fig.lU. 

The endurance scatter ranges for both the 8TF and LTP 
component modes and their mean values, are presented in Fig. 21. 
The standard deviations for the STF and LTF modes and the single 
distribution are plotted in Fig.22.  It is seen that the standard 
deviation of the STF and LTP modes are separated by a factor of 
two.  This in itself can thus far be considered the most convincing 
evidence that the endurance data represent a single distribution 
with two modes, or what is called a bimodal distribution. 

7.6 Correlation Coefficient and Goodness of Fit 

Statistical independence of the test data is ar essential 
requirement for the usefulness of correlation coefficient for good- 
ness of fit comparisons.  Since the endurance distributions in 
question are not solely normal distributions - to which the X2-test 
could be best applied - it was decided to use the correlation co- 
efficient in lack of any other method we know of, which can be 
applied to both normal and Weibull distributions.  It should be 
emphasised that we are not only interestsd in knowing how well a 
specific distribution fits the endurance data, but also la knowing 
which distribution fits the data best. The correlation coefficient, 
calculated for the straight lines shown on the probability paper 
plots of, e.g.. Figs. 7 and lU, as a common basis for comparing 
the goodness of fit seems to fulfill this purpose best. 

7.7 The Mathematical Dissection Method 

At the higher stress levels, the means of the component 
distributions approach each other and the LTP component diminishes. 
Under these conditions, the truncation analysis become ineffective 
in detecting the existence of bimodality (see Appendix A of Ref. 
21).  Therefore the mathematical dissection method, as outlined In 
Appendix B of Ref. (II, was applied to the 16.5 and 19 ksi test 
endurances. 

TO simplify the analysis, the bimodal distribution (STF 
and LTF) was assumed to consist of two log-normal distributions 
(instead of log-normal and Weibull) and it was on this basis that 
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th« paraB«t«ra of th«s« tvo distributions vor« eolculstod.  Thoy sr« 
shovn la Tobl« IZ bolov. 

TABLI IX 

PAHAIIITIBS OF MATHIMATICAL DI88ICTI0M MITHOD 

8T7 Coapoaoat.h^ 
Noaa of log(l), a^ 
Standard doTlatloa» •• 

LTP Coapoaoat%h2 
Noaa of log (f), »3 
Standard doviation, ■, 

16.5 ksl   16.$ ksl   19.0 ksl 
150 spoclaons 350 spool. 100 spocl. 

0.99985»» 
5.320897 
0.07l»330 

0.0001U5 
5.312835 
2,02Blkk 

0.99977«» 
5.320587 
0.088239 

0.000225 
5.298)81 
1.260850 

0.997580 
1». 850606 
0.0U7027 

0.002H19 
5.272022 
0.1J»5'»77 

Tho paraaotors suggost that thoro is only a singlo distri- 
bution at both stross IOYOIS, as iadieatsd by tho praetioally insigni- 
ficant values for h-, oxprossiag tho proportion of tho LTF eoaponont 
prosont. 

7.8 Coacludiaa Boaarks 

0a th« basis of tho statistical aaalysis prssontod thus 
far, tho folloving oTidoaoo for biaodality of tho 0PHC eoppor oaduraao« 
distributions oaorgos: 

1. tho apparent biaodality la tho onduraaeo histograas for tho 
low stross lovols (soo o.g. Fig.5) 

2. tho sigaifioaatly aad eeasistsatly difforoat valuss for tho 
staadard deviations of th« 8TF and LTF aodos at tho lover 
stross levels (soo Fig.22) 

3. tho eoasisteat variations la ths 8TF paraaotors obtained by 
tho aaxiaua likelihood truaeatioa aethod. 

VIII.  AMALT8I8 OF TH1 glDUHABClS OF ■LOOMIH AMD ROYLAMCI 

Blooaer aad Roylance (Ref.22) tested 973 aotehsd aluainua 
(B.26 8-WP: 202U8T) speciaeas in four rotating boadiag osntil«ver 
typ« aachinss at a noainal stross of about 16.8 ksi. Figure 23 shovs 
a typical histograa vhioh suggests a fair aaount of raadoa distur- 
baaess aad irrsgularitios ia tho saaple. This observation is further 
eaphasised by the results of the truncation aaalysis, vhieh vas 
also applied to the tost data of Ref. 21. Whereas ons of the four 
saaples s««as to iadieate tho existence of tvo distributions, the 
others do aot. Figure 2k  is typical for the latter aad Fig. 25 
shovs th« saae data (of aaehiao lo.3) plotted oa log-aoraal proba- 
bility paper. Th« correlation eoefficieats for all aaehiaes deaon- 
strate that the log-aoraal distributioa does aot fit the test data 
too veil.  For coaparisoa. Fig. 26 prsseats a plot of ths saae data 
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but now on extreme vmlue probability paper, with the itraight line 
fitted by the upper vertical moment method.  Sinoe no regreaiion 
analysis could be carried out in this case (see Ref. 21 for reasons), 
correlation coefficients could not be used to determine the rela- 
tive goodness of fit of the log-normal and log-Weibull distributions. 
However, the parameters calculated for both types of distribution 
are given in Table X below. 

TABLE X 

BLOOMER ASP ROYLAHCE TEST DATA (REFERENCE 22) 

(A) PARAMETERS OF SINGLE LOQ-HORMAL DISTRIBUTIO» 

Machine No. 12 3k 
Number of Specimens 2k3 255 2k3 230 
Mean of log (N), X 5.95902  5.9k3k2 5.97992  5.977^5 
Standard deviation^ 0.177530 O.I6U386 0.189107 O.190898 
Correlation coeff., r 0.930hf      0.9kk31 0.86776  0.91626 

(B) PARAMETERS OF SINGLE L0Q-WEIBDLL DISTRIBUTION (UPPER VERTICAL 
MOMENT METHOD) 

Machine No. 
Number of Specimens 
Shape parameter, b 
Minimum life, log N0 
Characteristic life, 

log V 

1 2 3 k 
2k3 255 2U5 230 
1.5V682 1.76711» 1.U5728 1.29897 
5.70737 5.68136 5.7U261 5.7U761 
5.98663 5.97763 6.00701 5.99612 

The mathematical dissection method, applied to these results 
also, did not converge, possibly because of the irregularities in 
the samples already mentioned above in connection with the histo- 
grams.  For further details, see Ref.21. 

IX.  METALLOGRAPHIC EXAMINATION OF FATIGUED SPECIMENS 

The purpose of this examination was t 
mens from either the 8TF or LTF component distr 
perhaps microstruoturally differentiated. Obvl 
of finding any differences must be the greatest 
taken from the low and high endurance tall ends 
and log I > 5.9 In e.g., Flg.M of the endurane 
a given stress level. It was speculated that, 
presented in Fig.27» Wood's H and F fatigue mec 
found to be the cause for the observed bimodali 
of specimens in eitherthe 8TF or LTF mode. 

9.1 Ixamination of Fatigued Specimens 

o see whether speci- 
ibution can be 
ously, the probability 
if specimens are 
(see log N < 5.5 

e distribution for 
based on the evidence 
hanlsms might be 
ty, le., the failure 

For details  about  routine pre-metallographic testing, 
specimen sectioning and preparation.  X-ray tests, electro-polishing 
and etching,  examination of the specimen surface before and after 
fatigue,  etc.,  see Ref.   20. 
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9.1.1  The Bxtminatlon Rtsiilti 

Imoh one of the three ranges, H, F, and S has, according 
to Wood (Ref.5). distinctive microstructural characteristics such 
as, for Instance, sub-grain (cell) formation and grain boundary 
cracking in the H-range or distorted slip sones and slip sons micro- 
cracks in the F-range.  It should be noted, however, that In none 
of these streu (strain) ranges, the distinctive microstructural 
characteristic! of any such range prevail exclusively. They only 
predominate and in the transition region between, e.g., the H and 
F range, the microstructural characteristics of both ranges coexist. 

An estimation of the percentage share of each range was 
attempted under the microscope by counting the number of grains shov- 
ing characteristic H, F and S fatigue damage.  This method vas 
sensitive enough to detect the changes in percentage fractions of 
the three ranges from one to another of the stress amplitudes tested. 
However, it was not sensitive enough to distinguish between the 8TF 
and LTF distribution specimens at one and the same .stress level. 
The percentage estimates obtained in this way are shown in Table XI 
and are compared with the number of specimens (in percent) in the 
STF and LTF distributions. 

TABLE XI 

PERCENTAGES OF H, F AND S FATIGUED SPECIMENS IN 
COMPARISON WITH STF AND LTF PERCENTAGE IN BIMODAL DISTRIBUTIONS 

Stress amplitude       Microstructures   Test Results (Refs.20 k  21) 

Percentage of 

(ksi) 

♦ 10.0 
7 12.7 
♦ 13.0 
♦ lU.O 
♦ 16.5 
♦ 19.0 

H F and S STF LTP 

— ■100 •100 
5 95 "5 '5 

30 70 37 f3 30 70 33 67 
ko 60 <22 >78 
60 UG . •100 

The percentages of the H and F range microstructure at a 
given stress amplitude reasonably agree with the percentages of 
the apparent STF and LTF fractions of the statistical bimodal en- 
durance distributions.  However, an attempt to distinguish by the 
same method between the STF and LTF specimens, taken from the en- 
durance tail ends of one bimodal distribution failed to show any 
significant microstructural differences.  Also electron microscopy 
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7^.0 53.5 76.5 

60.0 61.2 79.0 

80.9 53.5 73.5 

61.3 55.9 73.5 

did not rtveal characteristic dlff«r«ncas on vhich an unaabifuout 
••paratioa of 8TP or LTF fatigued spaciaans, fatigued at ona 
and the taaa stre«» IOTOI could ba bated. 

Further details, demonstrating the transition fro« P to 
H-range fatigue damage in typical photomicrographs and X-ray back 
reflection patterns are given in Refs. 20 and 21. 

For completeness. Table XII is added to show the macro- 
and microhardaess test values of specimens fatigued at the stress 
levels shown. 

TABLI XII 

MACRO- AMD MICR0HARDXB88  T18T  VALUXB  OF FATIQU1D  8F1CIM1M8 

Stress amplitude  (ksi)    Nicrohardness       (O.P.I.)    Nacrohardnass 
H grain     F grain    (O.P.I.) 

♦ 12.7 

♦ 13.0 

♦ 1U.0 

♦ 16.5 

X. BYP0TH8I8 FROM TI8T RI8ULT8 

The evidence pressnted in Finnep's review strongly supports 
his statement that "no attempt is made in this report to detail the 
actual fatigue mechanisms vhich may be involved; instead it is 
simply suggested that the discontinuity arises from a multiplicity 
of fatigue mechanisms and that more basic studies are necessary 
for a fuller explanation**. 

Our test results do not supply the information for this 
fuller (final) explanation. However, they indicate that the shape 
of the bumps or discontinuity is strongly affected by the degree 
of overlap of the observed endurance distributions, vhich in turn 
are indicative of at least tvo basic fatigue mechanisms.  In 
principle, one could perhaps advance the hypothesis that going from 
singls crystals to polycrystaline and alloyed materials, the endurance 
distributions at stress level at the lover knee change from single 
and binodal to a tvo endurance distribution pattern.  This hypo- 
thesis is demonstrated in Fig. 28 and published experimental evi- 
dence (Refs. 2, 3 and 23) seems to support it. 

XI. C0ICLU8I0I8 

The main results of this study can bs summarised as 
follovst- 
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1) til« tvo  «ndurane« distributioast to  clearly,  observed 
with »Hoys, could not be conf iraed for polycryetelline 
(OPHC)  copper. 

Instead, 

2) at stress lerels around the lover knee the existence of 
tvo (or perhaps three) aodes (blnodallty) is apparent, 

3) at stress levels veil above the knee, endurance distri- 
butions see« to becone single log-nornal, belov the 
knee extrenal, 

1») the binodality seeas to be caused by a transition of 
predoainanee froa one to another fatigue aechanisa 
(e.g. Wood's F to H range transition), 

5) Prof. V. Veibull is at present applying his latest 
coaputerised aethods for separating biaodal distri- 
butions. A co-authored paper is pending, 

6) Pinney's stateaent (see his cone usions) that the buap 
or discontinuity phenoaenon "is influenced by a 
nuaber of factors including the aatallurgical condition 
of the aaterial, type of fatigue test, sererity of stress 
concentration, frequency of cycling, test environaent 
and teaperature**, etc., aay be suppleaented perhaps by 
the observation of our tests that the degree of overlap 
of the detected endurance distributions (single, bi- 
aodal or double) seeas to depend priaarily upon the 
aicrostructural characteristics (single crystal, poly- 
crystal or alloyed) of the tested aaterial. 
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FULCRUM 

FIG.   2 (b)     SCHEMATIC  LAYOUT  OF  FATIGUE  TESTING   MACHINE 
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FIG-2(«).     GENERAL ARRANGEMENT OF FATIGUE 
MACHINE AND INSTRUMENTS. 
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